We present the Fermi story of strong cosmic censorship in the near-extremal Reissner-Nordstromde Sitter black hole. To this end, we first derive from scratch the criterion for the quasi-normal modes of Dirac field to violate strong cosmic censorship in such a background, which turns out to be exactly the same as those for Bose fields, although the involved energy momentum tensor is qualitatively different from that for Bose fields. Then to extract the low-lying quasi-normal modes by Prony method, we apply Crank-Nicolson method to evolve our Dirac field in the double null coordinates. As a result, it shows that for a fixed near-extremal black hole, strong cosmic censorship can be recovered by the l = 1 2 black hole family mode once the charge of our Dirac field is greater than some critical value, which is increased as one approaches the extremal black hole. *
I. INTRODUCTION AND MOTIVATION
The law of physics is called well posed if and only if the future data of the involved physical entities can be determined uniquely from the appropriately prescribed initial conditions. Otherwise, the law of physics would be void of its predictability. However, the appearance of Cauchy horizons in some solutions to Einstein equation seems to make general relativity lose its predictability across the Cauchy horizons. To maintain the predictability of general relativity, long time ago Penrose proposed his strong cosmic censorship conjecture (SCC), which asserts that such Cauchy horizons are unstable under perturbations. As a result, the would-be Cauchy horizons become the singular boundaries of spacetime such that everything including Einstein equation can not be extended across them. It is noteworthy that there are different mathematical formulations of SCC, according to what it precisely means by saying whether the Cauchy horizon is extendible or not. Hereafter we shall focus exclusively on the Christodoulou's formulation [1] , because it is formulated to most conforms to our physical intuition.
It is fair to say that SCC remains in good health until the very recent work by Cardoso and his companions [2] . They find that for a near-extremal Reissner-Nordstrom-de Sitter (RNdS) black hole, the linear massless neutral scalar field perturbations do not cause the Cauchy horizon generically inextendible due to the fact that the blue shift amplification along the Cauchy horizon is overshadowed by the exponential decay behavior outside of the black hole in de Sitter space. Thus SCC is violated. This has stimulated a series of works to examine the validity of SCC in de Sitter space [3] [4] [5] [6] [7] [8] [9] . To be more specific, on the one hand, it is found that totally different from the case for the RNdS black hole, no violation of SCC occurs for the linear perturbations on top of the Kerr-de Sitter black hole [3] . On the other hand, it is found that the coupled linear electromagnetic and gravitational perturbations give rise to a much worse violation of SCC on top of the RNdS black hole [6] . Faced up with such violations on top of the RNdS black hole, one may first ask whether there are some ways to recover SCC. For one thing, note that as alluded to above, such violations comes from the linear analysis. So one potential way out is to go to the full nonlinear level. But it is shown that the nonlinear effects do not suffice to save SCC for the scalar perturbations [9] . For another, taking into account the fact that the formation of a charged black hole entails the presence of the remnant charged fields, one is required to see what happens to the charged perturbations on top of the RNdS black hole. The relevant results show that SCC can be recovered for the charged scalar perturbations except in the highly extremal limit, where there still exists room for the violation of SCC [4, 5, 7, 8] . However, all of the above considerations restrict into the perturbations from the Bose fields. So a natural question along this line is what happens to the perturbations from the Fermi fields.
In particular, the purpose of this paper is see whether the massless Dirac field perturbations can save SCC out of the RNdS black hole.
The structure of this paper is organized as follows. In the subsequent section, we derive from scratch the relationship between the quasinormal modes (QNMs) and SCC for Dirac field in RNdS black hole. In Section III, after developing our numerical scheme for the time evolution of the charged Dirac field in the double null coordinates by Crank-Nicolson method, we present the relevant numerical results about the low-lying QNMs for the massless Dirac field, which demonstrates that SCC can be recovered when the charge of our Dirac field is greater than a critical value for a fixed near-extremal RNdS black hole. We conclude our paper in the last section. We relegate the WKB approximation for the large l and large q limit into Appendix A and B, respectively.
II. QUASI-NORMAL MODES AND STRONG COSMIC CENSORSHIP
Start with the 4-dimensional RNdS black hole
where
with M and Q the mass and charge of the black hole, and Λ the positive cosmological constant. If the cosmological, event, and Cauchy horizons are denoted as r c , r + , and r − individually, then we can rewrite f (r) = r 2 , where = Λ 3
(r c − r)(r − r + )(r − r − )(r − r o ) with r o = −(r c + r + + r − ). In addition, the surface gravity at each horizon r h is defined as
f (r h )|. Accordingly, we have
In such a curved spacetime, the action for the Dirac field is given by
where D AA = ∇ AA − iqA AA with M and q the mass and charge of our Dirac field. The variation of the action gives rise to the Dirac equation as
which keeps invariant not only under the gauge transformation (A a , φ
In terms of the dyad (ξ
where the derivative operators and spin-coefficients are defined as
and
with the null tetrad chosen as
In what follows, we shall take the null tetrad in our RNdS black hole as
whereby the non-vanishing spin-coefficients are given by
By inspection, one can separate the Dirac field as follows
weighted spherical harmonics, satisfying
Whence the corresponding Dirac equation reduces to
If we further make the following separation
then the above equation can be further expressed as
where the tortoise coordinate is defined as r * = dr f and the electric potential is given by
. Whence it is not hard to see there are two sets of independent asymptotic
near any horizon r h . Now let us focus on the region between the event and cosmological horizons, where r * can be integrated out explicitly as
If we require that the full solution approaches the asymptotic solution (18) near the event horizon and (19) near the cosmological horizon, respectively, then the equation of motion will lead to a set of discrete frequencies, which is the so-called QNMs.
On the other hand, by performing the gauge transformation with dλ = Q r dr * , and the coordinate transformation to the outgoing coordinates (u, r) with u defined as u = t − r * , we can analytically continue our metric and electric potential across the Cauchy horizon.
Furthermore, in terms of the outgoing coordinates, we have
which implies that our null tetrad as well as the corresponding dyad is also smooth across the Cauchy horizon. However, it is noteworthy that the above quasi-normal solution, when analytically continued into the black hole, generically has both the outgoing mode
and the ingoing mode
near the Cauchy horizon. Obviously, (φ 2 , σ 1 ) is the most dominant part to prevent one from passing through the Cauchy horizon. To be more precise, note that the energy-momentum tensor for our Dirac field can be obtained by the variation of the action with respect to the metric as T ab = 2 √ −g δS δg ab , i.e.,
Although it is apparent that the energy-momentum tensor involves the product of our Dirac field with its first derivative, which is different from the case for the Bose fields, where instead the square of the first derivative is involved, we can still follow the similar argument in [3] to obtain the exactly same criterion for the violation of SCC. Namely, one can extend this mode across the Cauchy horizon such that SCC is violated if and only if
As such, if one can find a quasi-normal mode with β < , then SCC is respected. So for this purpose, we are only required to focus on the lowest-lying quasi-normal mode. In what follows, we shall focus exclusively on the massless case.
III. NUMERICAL SCHEME AND RELEVANT RESULTS
In this section, we shall extract the QNMs by the time domain analysis of the numerical solutions to our Dirac equation in the double null coordinates, and show its implication to SCC.
A. Numerical scheme
In terms of the double null coordinates (u, v) with v = t + r * , we have
Accordingly, the Dirac equation reads
Obviously, the numerical solutions to these coupled first order partial differential equations are amenable perfectly to forward Euler method in both u and v directions. But in order
Crank-Nicolson method to obtain the data at N from the data at E and W for the Dirac field.
to suppress the numerical error and ensure the numerical stability, we would like to solve the above equations by employing Crank-Nicolson method along both u and v directions, whereby a first order differential equation
will be approximated by
Accordingly as illustrated in Fig.1 , we can obtain both R + and R − at N from the corresponding data at E and W by solving the coupled algebraic equations. In addition, to set off for our numerical evolution, we are required to prescribe the initial value for our Dirac field. For simplicity but without loss of generality, we set the initial value as
with R − obtained readily by solving our Dirac equation (27) on the initial double null surfaces.
Then the spectrum of low-lying QNMs can be extracted from the equally elapsed late time dataR + (t p ) = R + (t 0 + p , r * = 0) by Prony method [10] . The convergence of our numerics is examined by reducing the finite difference step length . We have also checked our numerics by using the generalized eigenvalue method developed in [11] . Below we shall focus only on the massless Dirac field, although it is obvious that our numerical scheme can also be applied to the massive case. In what follows, we shall work with the units in which M = 1 with Q max corresponding to the charge of the extremal black hole, where r + coincides with r − . In addition, due to the limited computational resources, we shall restrict ourselves onto some sample points in the near-extremal regime, which also suffices for our purpose. We would like to first present the low-lying QNMs for the neutral Dirac field in Table. I,II,III, and IV. Here we list the low-lying QNMs for each l until the appearance of the first pair of complex photon sphere modes. In addition, we only show the imaginary part for the large l WKB limit, since the corresponding real part does not converge (See Appendix A). As expected, the resulting spectrum of QNMs is symmetric with respect to the imaginary axis of the ω-plane. On the other hand, for each sample case, l = 1 2 mode always dominates, no matter whether it serves as a purely imaginary mode or a pair of complex photon sphere modes. More importantly, for a fixed Λ, when one cranks up the charge of our black hole towards the extremal one, SCC is eventually violated.
Next we shall present how the spectrum of low-lying QNMs varies with the charge of our Dirac field. As a demonstration, we only plot the relevant results of Λ = 0.06 in Fig.2 and charge q c ≈ 0.530. As illustrated in Fig.3 , such an observation also applies to the case for the more near-extremal black hole except that the critical charge is increased to q c ≈ 0.845.
IV. CONCLUSION AND DISCUSSION
To see whether the Dirac field can save SCC out of the RNdS black hole, we first derive from scratch the criterion for the dominant QNMs of our Dirac field to violate SCC around the RNdS black hole. As a result, we find that such a criterion is exactly the same as that for other Bose fields, although the energy-momentum tensor of our Dirac field demonstrates qualitatively different structure from those for other Bose fields. Then to extract the QNMs by prony method, we develop our numerical scheme by Crank-Nicolson method, which turns out to be naturally suitable to the temporal evolution of our Dirac field in the double null coordinates. In particular, our numerical result shows that for a fixed RNdS black hole, SCC can be recovered by the l = black hole family mode when the charge of our Dirac field is greater than some critical value, which is also consistent with the WKB result for the large q limit. In addition, the afore-mentioned critical value is increased as one approaches the extremal RNdS black hole. . Obviously this pair of equations give rise to the same spectrum of
QNMs because Z ± are related to each other as a supersymmetric partnership through (31).
With this preparation, we can apply the third-order WKB approximation formula to the above equation with V + to extract the corresponding low-lying QNMs, which is believed to be highly accurate in the large l limit [13] .
